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A closed-form expression is proposed for the critical frontier, or the critical line, of the antiferromag-
netic Ising model on the honeycomb lattice in a nonzero external magnetic field. We formulate the Ising
model as an 8-vertex model and identify the critical frontier as a locus invariant under a generalized
weak-graph transformation. In its simplest form the locus is an expression containing two unknown con-
stants which we determine numerically. The resulting critical frontier lies very close to results of a

finite-size analysis.

PACS numbers: 05.50.+q

The Ising model in a nonzero magnetic field has been
standing, for many years, as one of the most intriguing
and outstanding unsolved problems in statistical physics.
While a wealth of exact information is now known for
the Ising model in the absence of an external field,' its
properties in a nonzero field H have proven to be illusive
and remain largely unknown. Of particular interest is
the location of the critical frontier I', or the critical line,
along which the per-site partition function becomes
singular (in H and the temperature 7). For Ising fer-
romagnets it is now well established that the critical
frontier is the T <7, segment of the H=0 axis, >
where T, is the zero-field critical temperature. For anti-
ferromagnets it is expected that a critical frontier exists
in the (H,T) plane separating regimes of ordered and
disordered phases. However, there have been few ana-
lytic studies on its precise location, despite efforts of
closed-form approximations>° and other analyses.”™’

In this Letter we consider the antiferromagnetic Ising
model on the honeycomb lattice and construct a closed-
form expression for its critical frontier. Our analysis is
based on a consideration of the invariance property of
the critical frontier and our results of a finite-size scaling
analysis.'® We first formulate the Ising model as an 8-
vertex model and inquire more generally about the criti-
cal frontier I, of the 8-vertex model in its own parame-
ter space. The partition function of the 8-vertex model is
known to be invariant under a generalized weak-graph
transformation.!'"'? Assuming that I, is also invariant
under this transformation and that its analytic expres-
sion takes the simplest possible algebraic forms, we are
led to explicit closed-form expressions for I'g., including
one known to correspond to the H =0 line of the Ising
ferromagnet. The other trajectories generated in the an-
tiferromagnetic Ising subspace can be identified as the
possible locations for the critical frontier I The sim-
plest such expression, given by (14) below, contains two
unknown constants, which we determine using a finite-

size scaling analysis. The resulting closed-form expres-
sion of the critical frontier permits us to compute the
critical fugacity of the nearest-neighbor exclusion lattice
gas on the honeycomb lattice.

Consider a lattice of /V sites, and coordination number
g =3 with periodic boundary conditions. This can be,
e.g., the 2D honeycomb or the 3D hydrogen-peroxide '*'°
lattice. We start from the Ising Hamiltonian

7'f=_JZO”,'O’j_HZO',', (1)

where the first summation is over all interacting pairs
and the second summation is over all lattice sites. The
partition function is Z(K,L) =X, =+ e ~"/kT where
K=J/kT, L=H/kT. We inquire about the location of
', the critical frontier, of the per-site partition function
x(K,L) =limy . {Z(K,L)]"N.

The starting point of our analysis is the high-
temperature expansion of the partition function'-"!

Z(K,L) =(2coshL)"(coshK)*N'?Z4 (a,b,c,d), (2)

where Zjg.(a,b,c,d) is the partition function of an 8-
vertex model on the same lattice whose vertex weights
are shown in Fig. 1 with

a=1, b=v'"?h c=v, d=v*'h. 3)

Here v=tanhK and A =tanhL. Hence, b and d are pure
imaginary for antiferromagnetic interactions K <0. It is
therefore convenient to consider the more general prob-
lem of locating the critical frontier I's, for the per-site
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FIG. 1. The 8-vertex configurations and the associated ver-
tex weights.
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partition function «g.(a,b,c,d)=limy_. «[Zgs.(a,b,c,
d)1'"N for generally complex a, b, ¢, and d. Once this is
done, the desired Ising results can be obtained by speci-
alizing to (3). It should be pointed out here that it is an
artifact that b and d are pure imaginary. Since vertices
of one and three solid lines (cf. Fig. 1) always occur in
pairs, the overall vertex weight contains factors b2, bd,
and d? and is always real.

The partition function xg.(a,b,c,d) satisfies both the
reflection symmetry !

ks (a,b,c,d) =xs.(d,c,b,a) 4)

and the weak-graph symmetry'!!?

xs.(d,6,¢,d) =xy.(a,b,c,d), (5)
where y is a parameter whose value is arbitrary and
a=(a+3pb+3p2c+y3d)(1+yp?) 2,

b=Ilya—0—2yb—Qpy—y>c—yp2dlQ+y?) "2,
6)
i=lyla—Qy—yHb+U—2y)c+ydl(1+y?) 32,

d=0G3a—3yb+3pc—d)Q+yp?) 2,

As a consequence of the weak-graph symmetry (5), we
expect [, to be invariant under the transformation (6).
Indeed, it is known that one branch of the critical fron-
tier 'y, of the 8-vertex model is''"'%'6

Pi=a(b3+d?) —d@*+c?)
+3(ab +bc+dc)(c?—bd —b*+ac) =0, (7)

and it is readily verified that (7) is invariant under (6).
In fact, all points on (7) are fixed points of the transfor-
mation (for some y).'> We now inquire whether there
exist other loci in the generally complex parameter space
that are also invariant.

Let the critical frontier 'y, be

fa,b,c,d)=0. 8)

For (8) to remain invariant under (6), the function
fla,b,c,d) must transform like f(a,b,é,d)=af(a,
b,c,d), where a_is a constant depending at most on y.
The identity {a,b,é,d} =1{a,b,c,d} then implies a =%+ 1.
Furthermore, since the transformation (6) is linear, we
expect the function f(a,b,c,d) to be of the form of a
homogeneous polynomial in a, b, ¢, and 4 as in (7).!7

Let f, + be a homogeneous polynomial of a, b, ¢, and
d of degree n having this property, namely, it satisfies

fo+@,6,é6,d)==f,+(a,b,c,d). )

It is clear from (6) that » must be even. Now, the most
general homogeneous polynomial of degree n in a, b, c,
and d contains, after taking into account the reflection
symmetry (4), 6, 19, 44, . .. independent coefficients for
n=2,4,6, ..., respectively. The substitution of (6) into
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(9) with f,+(a,b,c,d) in the form of a polynomial
yields [after multiplying a factor (1+y2)®" throughout
and collecting terms] a new polynomial in a, b, ¢, d, and
y. For (9) to hold for arbitrary a, b, ¢, d, and y, it is
necessary that coefficients of al/ terms of this new poly-
nomial vanish.

This appears to be almost impossible at first glance,
since the number of terms in the polynomial of a, b, ¢, d,
and y is (6n +1)4", which far exceeds the number of in-
dependent coefficients in f, + (a,b,c,d) so that we have
at hand a set of overdetermined equations. However,
after some algebra, we find that many of the equations
are redundant and all, except a few, coefficients in
fa+(a,b,c,d) are uniquely determined. We find that,
for n=2,4,6, all invariant polynomials must take the fol-
lowing forms:

Sr+(a,b,c,d)=c \P+c,0,

fi-(a,b,c,d)=c\P,,

Sa+(a,b,c,d) =c\Pr+c P’ +c3PQ+c,02, (10)
fo-(a,b,c,d)=fr+P,,

Sfo+(a,b,c,d)=f14+Pr+c3P>+c4P?Q+csPQ%+cc0°3,

where ¢; are arbitrary constants, P, has been given in

(7), and

P=a’+3ac+3bd+d?,

Q=b’—ac+c>—bd, (1)

Py=2(a*+d*)—6(a’c*+b’d*)+12(a’b*+cd?)
—5a%d*+27b%c>+36(ab+cd)bc+ 18abcd .

It is gratifying to see that f4—(a,b,c,d) =0 gives rise to
the known singularity (8). We now examine other loci
implied by (10) and (11).

It is easy to see (from the Ising realization) that
f2+(a,b,c,d) =0 cannot be a critical frontier. The next
choice is therefore n =4, for which we have already seen
that f4—(a,b,c,d) =0 gives rise to the known critical
frontier (7). The other n=4 critical frontier is
fa+(a,b,c,d) =0, or, equivalently,

c1Py+cyP?+c3PQ+c40°=0. (12)

As one of the four constants ¢; can be chosen arbitrarily,
only three constants in (12) are undetermined. It should
be noted that, at this point, our arguments hold very gen-
erally and apply to any (including random) lattice of
coordination number ¢g=3. It remains, however, to
determine the constants ¢; which will now be lattice
dependent.



VOLUME 62, NUMBER 24

PHYSICAL REVIEW LETTERS

12 JUNE 1989

TABLE 1. Computation of the critical field L. =H./kT.
Numbers in parentheses are estimated error bars implied by
the finite-size extrapolation.

L.

K Finite-size analysis Equation (14)
-0.7 0.582431408(5) 0.582429 186
—0.8 1.119884213(5) 1.119888 647
-0.9 1.520604 370(7) 1.520610887
—-1.0 1.875990455(10) 1.875996 047
—1.2 2.530154228(10) 2.530156031

=15 3.458 129 780(10) 3.458 127977

In the Ising subspace (3), we have from (11),
Py=2[1—-302+203+90+100>+9v°+3v*)h?
—0*@—02)h4,
P=1+3v+0v’@+v)h?,
O0=v(l—v)(—1+hn?).

The substitution of (13) into (12) leads to a quadratic
equation in k2 and, solving this equation for x =1 —h?
we obtain

(13)

(6¢cr—c3)v+12¢,+c;
h2L = —2 2
cos (+v)? 2Qc+c¢a)
1 JX
—— VX
2Q2¢,+c3) ’ (14)

where v =tanhK <0 and
X=[(2¢c,+c3)?—4c4Qc) +c))]
x(1—v)2+144c,Qc +c))v.

Here, we have chosen the minus sign in front of VX as
dictated by numerical results below. Near T, (14) leads
to H~ (T, —-T)\2 Furthermore, at low temperatures,
the critical frontier (14) terminates at H = % 3J with a
finite slope. These are the main features of the critical
frontier for the Ising antiferromagnet, and thus permit
us to identify (14) as the critical frontier for the antifer-
romagnet.

We now proceed to determine the constants ¢; in (14).
For the honeycomb lattice the zero-field critical point is
known'® to occur at v, = — 1/~/3. We therefore require
the left-hand side of (12) to yield a factor +/3v +1 upon
setting A=0. This leads to the constraint c4=3ac;
—9a?c,, where a =2 — V3.

To determine the remaining two constants, say ¢, and
c3 assuming c¢; =1, we have carried out a finite-size scal-
ing analysis of the magnetic correlation length, details of

2Qc,+c3)
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FIG. 2. The critical frontier (14) for the antiferromagnetic
honeycomb Ising lattice, where H is in units of |J | and 7 in
units of |J | /k.

which will be published elsewhere. Using strips of m X oo
lattices, m < 20, we have determined numerically the
critical field L.(K) for various temperatures 7= — 1/kK.
The results are shown in the second column of Table I
together with estimations of the error bars. Using these
figures and a least-squares fit, we obtain the values ¢,
= —1.5153435316 and ¢c3=—1.7953179207. Howev-
er, it turns out that the critical field computed from (14)
is somewhat insensitive to small constrained variations of
the values of ¢, and c¢; used. Utilizing this fact, we then
tried to fit ¢, and c¢3 into expressions containing the fac-
tor V3 which yield critical fields as accurate as those
produced by using the least-squares values. After an ex-
tensive search, the following choice emerges:

c1=1, c,=—(4+3V/3)/6,
15s)

c3=—(01-9vV3)/8, ca=—3(3—-/3)/8.

A plot of (14) with ¢; given by (15) is shown in Fig. 2.

In the third column of Table I we list values of the
critical field computed using (14). While the computed
values are not entirely within the error bars implied by
our finite-size data, differences between the two sets of
data are very small. This suggests that, for all practical
purposes, the expression (14) with ¢;’s given by (15) can
be used as an accurate representation of the exact criti-
cal frontier.

The initial slope of the critical frontier is — % Inz,,
where z, is the critical fugacity of a nearest-neighbor ex-
clusion lattice gas.? Expanding (14) about 7 =0 and us-
ing (15), we obtain explicitly the expression

=7.85178004. . .. 1e)

Z, =

2c,—8¢c1 —c3+[(12¢14¢3)2— Qe +¢2)(36¢, +4cy)]1'?
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As an independent check, we have also carried out a
direct finite-size analysis of the nearest-neighbor ex-
clusion lattice gas, and obtained the critical fugacity nu-
merically as z.=7.85172175(13). The difference be-
tween the two figures is again very small.

Finally, we remark that an agreement entirely within
the error bars can be achieved by adopting a locus of a
higher n, say, n=6. In that case the critical field is given
by fe+(a,b,c,d) =0, where a, b, ¢, and d are given by
(3), leading to a cubic equation for determining L. and
the least-squares values ¢ =1, ¢,=—0.36678236427,
c3;=—2.1663695118, c4=—2.8133892132, and cs
= —1.0963796403. This formula may very well be the
exact one, apart from the numerical uncertainties in the
C,"S.
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