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It is shown that the free energy and the magnetization of an Ising model in the magnetic
field H = inkT/2 can be obtained directly from corresponding expressions of these
quantities in zero field, provided that the latter are known for sufficiently anisotropic
interactions. Using this approach we derive explicit expressions of the free energy and the
magnetization at H = inkT/2 for a number of two-dimensional lattices.

It is now a widely-known knowledge that the free energy and the magnetization
of two-dimensional Ising models can be exactly evaluated when there is no
magnetic field. A lesser known fact, first noted by Lee and Yang,' is that both of
these quantities can also be evaluated at the special value of the magnetic field H
= inkT/2. Discussions in the past, however, have focussed on considerations of
the different and alternate ways which the square lattice results can be
rederived,® and on some extensions to specific checkerboard lattices.””® There
have been very little generality discussions on possible extensions to other
lattices.?

In this paper we present a general, yet simple, formulation of the Ising model in
the magnetic field H = inkT/2, which is valid for any lattice in any dimension.
This formulation, which generalizes an earlier treatment by Merlini® for a square
lattice, permits a direct evaluation of the free-energy and magnetization at H =
inkT/2 from the corresponding zero-field expressions, provided that the latter
are known for sufficiently anisotropic interactions. Using this approach and
related considerations, we derive explicit expressions of the free energy and
magnetization at H = inkT/2 for several two-dimensional lattices.

Consider an Ising model on a lattice of N sites with pair interactions and in an
external magnetic field H. For definiteness we assume periodic boundary
conditions and N to be integral multiples of 2. The partition function is given by
the expression

Zy(L) = > exp (2 K,6,0,+ L z a,) : (1

@)
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where 0; = 1 denotes the spin located at the ith site, L = H/kT, and J; = kTK,

ij
is the interaction between spins ¢;and g;. In the most general case, J;; are arbitrary
and can all be distinct. The quantities of interest are the per-site “free energy”

1
SL) = lim —1In Zy(L), (2)
N—~o N
and the per-site magnetization
KL) = lim My(L), 3)
N—w

with

My(L) = [Z o, exp (2 Ky0,0,+ L ). a,.)] /Zu(L), 4)

[0

where g, is a spin located in the interior of the lattice. We shall assume that Zy(0),
My(0), f(0) and I(0) are known for interactions sufficiently anisotropic in a

7 n m
manner we shall describe, and show that ZN(iE) ,MN(i*z-) , /(’E) , and

n
I (li) can be derived from these known expressions by effecting a simple
transformation,
n
Consider first the evaluation of ZN< i 5) , assuming that Z(0) , defined by (1)

with L = 0, is known. Using the identity
exp(in 6/2) = ia, o= =1, (5)

we obtain from (1)

ZN(ig) ="y (ﬁ a,.) [ ] exo(&;0:0)) . (6)

Oimty N i=1 Gy

4 T,
The factor /" in (6) contributes to f (i 5) an additive term i 3 which we shall keep

n
explicitly in our expressions of f° (i 5) .
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N
Following Merlini®, we split the product H o;1in (6) into a product of N/2 fac-
i=1
tors o;0; associated with a set of N/2 interactions {K;} covering all N lattice sites.
This splitting permits us to combine the two products in (6) into one.
Furthermore, upon associating a factor i to each of the N/2 factors g,0;, we re-
write (6) as

T
ZN(iE) =" [] By(aio), (7)
o; ()

where

B(g:0) = io;0;exp(Kj0,0)), K;= K]

ijo

®
= exp(Kj;0,0;), otherwise.
Using (5) once more to write
7
io;0,exp(Kj0;0;) = exp[(K,’-j + 15) a,-a,] , 9)

) T
we see that, aside from the extra factor i, ZN(i -2-) is precisely Z,(0), provided

that we make the following replacement for each of the N/2 interactions in the set
{Ki):

b/
Ky—Kj+i. (10)

Thus we obtain the identity,
7
ZN(zE) =M Z%0), (1)

where the asterisk in (11) indicates the replacement (10). Taking the thermo-
dynamic limit of (11), we obtain

EAYD
f(15)=l§+f*(0). (12)
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In a similar fashion we obtain for the magnetization
. 7[ *
My 5 = My(0), (13)

and

(i) = o
5] =1%0). (14)

Relations (11)~(14) are exact expressions valid for any lattice in any dimension
with periodic boundary conditions. It should be noted here that Merlini® has
previously obtained similar relations for the square lattice by assuming an open
boundary condition and the introduction of a boundary field; he also introduced
the dual for the square lattice, which is not needed in our consideration.

It is clear that the usefulness of (11)-(14) for computing quantities of interest at
H = inkT/2 rests on the prior knowledge of the corresponding zero-field
expressions for a lattice whose {K;} are distinct from all other interactions. This
is an important and crucial aspect of this approach. It is also clear that the choice
of the set {K;} is not unique and, in the simplest case, all N/2 interactions Kj; can
be made equal by setting K, = K’ .

It is convenient to regard each K; as being covered by a dimer placed along the
lattice edge connecting sites i and j. Consequently, each choice of the set {K’} cor-
responds to a close-pact dimer covering of the lattice. While any dimer covering
will suffice our purposes, it is most natural to choose one which is commensurate
with the underlying lattice structure and for which the zero-field quantities can be
computed. This implies that the Ising interactions must be appropriately
anisotropic for the purpose of distinguishing the interactions K’. The example of
a suitable dimer covering for the square lattice is shown in Fig. 1.

It is quite simple to effect the transformation (10) in practice by using the equi-
valent replacements:

sinh K’ — i cosh K’, cosh K’ — i sinh K’ .
(15)
exp(2K') — —exp(2K’),

sinh K’ — i cosh K, cosh K’ — i sinh K’ .

T n
In the following, we present results of the computation of f (i 5) and / (i 5) for
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Fig. 1. A dimer covering of the square lattice. Each interaction covered by a dimer is K’ and is distinct
from all other interactions.

some two-dimensional lattices. These results can be summarized by the expres-
sions

_7l 3 E 1 2n
f(lﬁ) —ipT 167:2[[() 40 In F(6,9), o
and
T
’(’E) — (1 — N/Dy™, (17)

where the factors F(6, ¢)(= 0), N and D differ from lattice to lattice. In order to ex-
. . . ... n . . T
plicitly display the additive term i 5 occurring in f <15) as mentioned in

discussions after (6), we have used the following identity in rewriting (12):

/9

L ﬂzndﬂdl 1 18
i3 =137 T || d6deln(-1), (18)

and combined the second term in (18) with £%0).

1. Checkerboard Lattice

The checkerboard lattice is a square lattice with four distinct coupling
constants K|, K,, K, K, arranged as shown in Fig. 2. The free energy f(0) of this
lattice has been computed by Utiyama'® and the magnetization I(0) by Baxter'!
confirming an earlier conjecture by Syozi and Naya.'? Using the dimer covering

. . . n
shown in Fig. 1, which corresponds to using the replacement K, — K, + i - in
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T
i=

f(0) and I(0), we obtainf(i g) and I( 5

) as given by (16) and (17) respectively,
with
F(0, ¢) = 8[IIC; + I1S; — 1 + S,S,cos(8 + ¢) — S,.S; cos(6 — ) (19)
= (818, — 838 cos 8 — (S,S, — 5583) cos ¢] ,

where C; = cosh 2K;, S; = sinh 2K, and
N =21 - IIC, — IIS;) + =82,

D = (2 + ZS7HIS? + 2TIC, — DIIS;. (20)

2. Honeycomb Lattice

The honeycomb lattice with anisotropic interactions K, K, and K; is derived
from the checkboard lattice with K, = 0. This leads to, after setting K, = 0in (19)
and (20), the following expressions:

F(H, ¢) = 8[C1C2C3 —-1- S|S3 COS(O - ¢)
— 815, cos 8 + S,5; cos ¢},

N=21— CGCCy)+ ST+ 85+ S5 1)
D = §i5383.

n
The same results can also be derived by setting directly K; — K; + iE in expres-

K,

K, K,

K2 I{4
K,

Fig. 2. The checkerboard lattice.
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sions of f(0) and I(0) for the honeycomb lattice given in Ref. 13. G. Baxter? has
also computed f(0) using a graphical approach.
3. Triangular Lattice

The triangular lattice with anisotropic interactions K, K, and Kj; can be
covered by dimers placed along, say, every other K,. This situation can be
visualized by arranging the lattice in a rectangular pattern in which interactions
K, are in the horizontal direction, interactions K in the vertical direction, and
interactions Kj in, say, the NW-SE diagonal direction. Then the dimer covering
in Fig. 1 covers every other horizontal interaction which we denote by K. To
compute f(0) as a function of X, K, K3, K}, we regard the Ising model as an eight-

T
vertex model with staggered weights.!* The desired expression for f (i E) is then
n
obtained by setting K| — K; + iE in f(0). Using Eq. (19) of Ref. 14 for f(0) and

n
omitting detailed steps we obtain f iE as given by (16) with

F(G, ¢) = 2[G — D cos(8 — ¢) — E cos(8 + ¢) + Acos 2¢],
G — 2[_1 + e4(Kl+K2+K3) + e4(K|—K2—K3) + e4(—K|+K2—K3) + e4(—K,—K2+K3)]

9

D = —45sinh® 2K, (22)
E = —4sinh? 2K,,
A = 4 sinh? 2Kj.

Here, for comparison purposes, D, E, and A are the same as those defined in Ref.
14 and G = A — A4 with 4 defined in Ref. 14. Unfortunately, the expression I(0)

. T . .
needed for evaluating / (z 5) has not yet being computed. Note that the resulting

. (AW .
expression for f ( I 5) is symmetric in K, K;, K3, and reduces to that of a square

lattice by setting, e.g., K3 = 0. The expression (22) agrees with that obtained by G.
Baxter and Dyson who derived it by evaluating a 36 X 36 determinant.?

4. Union Jack Lattice

Consider the Union Jack lattice shown in Fig. 3. The dimer covering of Fig. 1
with dimers placed along interactions K| again suffices our purposes. Using (12)

and the expression for f(0) obtained recently by us,'’ we obtained f (i g) in the
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K; K,
K’ K K,
K,
K,
K < %
2 o K,

Fig. 3. The Untion Jack lattice.
form of (16) with

F(0,¢)=2[a+ bcos§ + ccos¢ + dcos(f — ¢)
+ e cos(f + ¢)], (23)

20 = 0 + w! + 0i + ol
b= ww; — w,w,, C = W0, — WW;,
d = ww, — w,w;, e = Ww,; — W5y,
w, = 2K sinh (K, + K, + K; + K)),
w, =2 sinh(K, — K, + K, — K,),
w; = 2¢e **sinh (K, — K, — K; + KJ),
w, = 2% sinh (K, + K, — K; — K,),
ws=2sinh (K, — K, + K; + K)),
w = 2sinh (K, + K, + K; — K}),
w, = 2sinh (K|, + K, — K5 + K),
wg = 2sinh (—K, + K, + K; + KJ).
It can be verified that (23) reduces to (19) for the checkerboard lattice upon tak-

ing K =K'= 0.
The zero-field magnetization /(0) for this general Union Jack lattice is not yet

n
known and, consequently, 1 (i 5) has not been computed.



Ising Model in the Magnetic Field inkT/2 479

5. Other Two-dimensional Lattices

n .4
Both f <15) and 7 <15) can also be evaluated for a number of other two-

dimensional lattices. Since these derivations are straightforward and the results
lengthy, we include here only the relevant references from which interested
readers can derive the results. For the 4-8 (bathroom tile) lattice shown in Fig. 4
the free energy f(0) has been computed by Utiyama'® and the magnetization 1(0)
by Baxter and Choy.!® By choosing a dimer covering with dimers placed along,

/4 n
say, K| and K%, we can use (12) and (14) 10 compute f(i E) and I(E) . For the

Fig. 4. The 4-8 (bathroom tile) lattice.

general 3-12 lattice shown in Fig. 5 both f(0) and 7 (0) have been obtained by Lin
and Chen."” Using a dimer covering with dimers placed along interactions K/’,

7 7
Ky, Ky, we can compute | (i 5) and / (l’ E) from (12) and (14). Finally, for the

layered square lattice shown in Fig. 6, Lin and Ma'® have obtained f(0) and pro-
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Fig. 5. The 3-12 jattice.

KZ Kz

K K
Ki Ki

K, K,
K\ Kl

K3 K

Fig. 6. The layered square lattice.

n T
posed a conjectured formula for 7(0). We can then compute f ( i 5) and (i 5) by

n
making in these expressions the replacement of, say, K3 — Kj + iE . It should be
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LT . .
pointed out that in these applications the form of 7(0), and hence / (z 5), is modi-

fied with the appearance of a factor G in the RHS of (17).
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