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theory. As a result, the significance of these developments does not appear
to have been generally appreciated.

In this paper we present a self-contained, albeit elementary, exposition
of these recent developments. While most of the results presented here are
not new, our derivations are less formal and in many instances more direct
than those previously given, thus shedding new light to the role played by
these classic graph-theoretic problems in statistical physics,

Definitions useful to our discussions are given in Scction 2. In
Section 3 we describe high-temperature expansions of the Potts partition
function and their associated graphical representations, and show that they
lead to the chromatic, dichromatic, and flow polynomials in graph theory.
In Section 4 we discuss properties of the flow polynomial and show that
the Potts model formulation leads to alternate and simple prools of
these properties. In Section 5 graphical considerations are extended to
correlation functions.

2. DEFINITIONS

Consider a standard Potts model on a graph  of N sites and E edges
{we assume that  does not contain single-edge loops). The spin at the ith
site can take on g distinct values ¢,= 1, 2,..., g, and the Hamiltonian is

— =K E g o, o) (1)
el

where the summation extends to all edges in . It should be noted that,
while we have assumed the same interaction K along all edges, our
discussions and results can be extended to include edge-dependent
interactions. We chose not to consider this generalization, however, for the
sake of retaining clarity of discussions. A concise summary of results in the
general case can be found in ref. 10,

It is often convenient to regard the spin o, as being represented by a
unit vector §, pointing in one of the g symmetric directions of a hyper-
tetrahedron in ¢ — | dimensions. The connection to (1) is then made by
using

. l :
dp o, o)==[1+(g—1)8;,+§] (2)
i
The partition function is
Zo=Tre #* (3)

where the spin sum 3, _, , _ has been denoted by taking the trace. When
K= —ag, all pairs of neighbors connected by edges must be in different
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states. Then in this limit the partition function becomes the chromatic

function,
ol e o= Elg, &) (4)

which gives the number of g-colorings of G. ie.. the number of ways tlhzn
the N vertices of G can be colored with ¢ colors such that two vertices
connected by an edge always bear different colors.

The m-spin correlation function for spins at sites 1. 2...m is xth_c
probability that vectors &,..§, point in the same direction. This
probability is given by

-'FI.‘ m= Z(.'I Tr['?'.l B L P P c;r_p{ _ﬁf :I-]

. . % 7
= (.-" |;--5_'-; SR "I'.-.-l:u P

(3)

where the superscript T denotes the thermal average dictated by taking the
trace. Here 5, =4§,-&,, and &, is a unit vector pointing in the direction of
the hypertetrahedron. In particular, the one-spin correlation function

A— 1 T

Fi={s, ' =——{gdle,,x) =1} (&)

g—1
is the order parameter of the ferromagnetic Potts model, whose numerical
value lies between 0 and 1.
More generally, one defines a partitioned m-spin correlation function®™’
as the probability that spins at vertices 1, 2...,m are partitioned into b
{<g) blocks such that (i) all spins within a block are in the same spin
state, and (ii) the spin states of the b blocks are all distinct. For each block
partition P(m) of the m integers 1, 2...., m, the corresponding partitioned
correlation function is
i |

"r..l"l.'r'l = '::I I—[ l_[I 'i'-=.'. :: (?':I
VBe P el !

where B is a block index and the prime of the second product indicates the
restriction (i1), namely, spin states of the b blocks are all different. Clearly,
(7) becomes (5) when there is only one block, so that =1 and Pim)=
(12...m).

Graphical representations that we shall encounter are derived on the
basis of the Mayer expansion,''”’ which converts a product of edge factors
into a summation of products over subgraphs. The basic identity, which we

shall use repeatedly, is
[T0+h)=3% TIh @
]

e Gl el
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Here, the edge factor connecting vertices i and j is written as 1 + 4, and
the summation of the rhs of (8) is taken over all subgraphs ' = & covering
the same vertex set.

It is convenient to introduce a “percolation” average as follows:
Consider subgraphs &' =G, which we regard as representing percolation
configurations with bond occupation probability p. Then, the percolation
average of any quantity X g) considered as a function of the subgraph g is
defined 1o be

(A, = E X(g) p"F(1 — p)E—He) -
=4 1]

where # g} 15 the number of edges in g.
We may rewrite (9) as a power series in p. Expanding (1 — p)%~"#) in
(%), we obtain

{X),= Y. X(g)p"®Y (—p)pte (10)

g T

where g'is a set of edges not in g. The union of the two edge sets g and g’
constitutes a subgraph of . Call this subgraph ' =G, so that

BIG')=hlg)+hblg') (11)
and regard g as a subgraph of & ' It folows that {10) can be rewritten as

<X'} = 'L P.I’-lle’.:-;. E {_ 1}’3”;.:’ "‘|l?:'_¥[ga

¥

ven el (12)
= ¥ p"9(X, G')
{5 = I_.'

where the expansion coefficient in the p series is

Q(X, G)= 3 (—1)P9 -ty (13)

=4 ]

Relations (12} and (13) hold for any X(G"), which may describe, eg.,
connectivity properties of 7",

We can obtain an inverse of (13) if X((7) is expressible as the trace
over a product of edge factors, ie.,

X(G)=Tr [] a, (14)

i
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In this case it is easily verified” that

O(X, G)="Tr [ (h;—1) (15)
ol
Writing in (14) h,=1+(h;—1) and again expanding the resulting
expression using (8), we obtain the following inverse of (13):

X(G)= } QIX.G') (16)
Lo = )

G

This 15 one example of the Mébius inversion,'"”’ which generally inverts

summations over partially ordered sets'™’ and follows as a consequence of
the principle of inclusion and exclusion.'"®’

3. HIGH-TEMPERATURE EXPANSIONS OF THE PARTITION
FUNCTION

It is most natural to obtain expansions of the Potts partition function
using the Mayer expansion. This is done by writing the edge Boltzmann
factor in (3) as a sum of two terms and expanding using (8). This leads to
different expansions when the Boltzmann factor 1s split differently,

The most often used expansion,'>"' which forms the basis of relating
the Potts model to the bond percolation problem, involves rewriting the
partition function (3) as

Zo=Tr [] [14 (X —1)bg.ls,, 6,)] (17)

eEl

Using (8) with &, = (¢* = 1) §,, one finds for the partition function (17) the
simple form after taking the trace:

Z(; - zfi]f.. \'.'K o ] ] — E I:L_,-‘-' o I ]l'lll'.:"ll?r_-ll'.-"l |:].E}

GG

where n(G') is the number of components, including isolated points, in G".
This is a high-temperature expansion, since ¢¥—1—0 at high tem-
peratures. The function Z(x, v) is the dichromatic polynomial in graph
theory [cf. ref. 8, (IX.1.12)] and the function x“Z{x, y/x) is known as the
Whitney rank polynomial."*'™" It is also known that the dichromatic
polynomial, hence the Potts partition function, generates spanning trees'"
and forests''™ by taking appropriate g =0 limits. See ref. 4 for a descrip-
tion of these connections.

“Expand (15) as in (&) and compare with (13} Note the extra minus signs.







