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In applying the method of correlated basis functions to inhomogeneous systems such as electrons in a
solid, in systems bounded by surfaces, and in systems with impurities, matrix elements of multiple density
fluctuation operators are needed. These are the multiple density correlation functions. We evaluate these
functions in the convolution approximation and express them in usable forms.

. INTRODUCTION

In variational calculations for interacting quantum
liquids and solids, correlated wavefunctions have made
some rather impressive contributions. s> While this is
particularly true for calculations on homogeneous sys-
tems, recent progress in treating certain classes of
surface problems® encourages us to explore further the
applicability of correlated wavefunctions to many in-
homogeneous systems. Among those considered are
surfaces of liquid He and nuclear matter, inhomo-
geneous electron liquids, impurities in solids, exciton
droplets, and atomic systems.

By correlated wavefunctions, we mean wavefunctions
which take into account the more important correla-
tion effects. In particular, one could modify the Slater
determinant, D, with a Jastrow factor,

p=D ,I},ﬂr;-,rj), (1)

to account for pair correlations. If the pairwise inter-
action between the particles contains a strong repulsive
core, f(r,,r,) can be chosen to diminish rapidly with
v;;=r;=r,|. Thus the Jastrow factor I,; f(r;, r;)
serves to discourage overlap of the cores and makes
the wavefunction much more realistic.

In the case of homogeneous systems, the elements
of D are plane waves (with spin functions for fermions),
and momentum is a good quantum number. The matrix
elements connecting correlated wavefunctions involve
simple Fourier transforms of f(»;,) and Kronecker
deltas. They are not easy to calculate, but are still
manageable with the help of appropriate approximation
schemes, For inhomogeneous systems, D represents
antisymmetrized products of single particle wave-
functions. The matrix elements become more compli-
cated. We intend to show in this paper that, at least
in the convolution approximation, they can still be
calculated and expressed in usable forms.

To be specific, we shall write down the relevant
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equations for an inhomogeneous electron liquid and
identify the required matrix elements.

In this model, we assume a static lattice structure
for the ions, so that the ion variables reduce to con-
stant lattice vectors R,, a=1,2,...,N. There are
N electrons moving in a volume @ consistent with the
lattice vectors R,. The electron coordinates are de-
noted by r;, i=1,2,...,N. The electron density is
represented by a function »n(r), and the meandensity is
given by p=N/Q=(1/Q) [ n(r)dr. The Hamiltonian for
the electron system is then given by

N N
H=)h +ZQ)_ v(r;;) = 5Npvg, (2)
i=1 i
=1
where
-1 ..,
hi‘ﬁ— Vi‘*‘"(ri), (3)
A
Vir) =2 c(Ir - R,D), (4)
and
()= /v, (5)

In Eq. (2) »y denotes the Fourier transform of the
Coulomb potential in the long wavelength limit. Thus
the last term in Eq. {2) takes out the electiron self-
energy.

Generalizing our earlier work® on the homogeneous
electron liquid, an appropriate variational wavefunction
will still take the form (1), except that D now repre-
sents a determinant made up of Bloch function elements
and spin functions. For simplicity, we make the ap-
proximation that f(r,, r;) be Sentral, and write

cl»:D-IFI f(J'ij)zDo{epoIéﬁ((r”)}, (6)
i<j i<
=D- [exp (Z;—z 7;7 (k) (PP — N)ﬂ , ("
where
N
Py :Z exp(ik - 1,), (8)
and
w(ky= [ u(r)exp(ik - r)dr . (9)
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With respect to such a correlated wavefunction we must
now evaluate the energy expectation value,

N
CH) =2 (k) 47 (vlry) = pu, (10)

where

g { H*OUdry coedry

O =
(O = oy Tovidr, o d,

(11)

for any operator O, After several steps of integration
by parts and algebraic manipulation, we find

N
ne
(H) =Qe, —Wkl‘lu(k)u(l)k-1<pkplp-k-l>
1 (12)
T %é v (P = N),

where v,=4ne*/k* and ¢; denotes the single particle
energy given by

ho(r)=¢; @, (r). (13)
Clearly, we need the matrix elements

L(k,, k) =(py, Py,), (14)
and

Iy(K, K, Ky = (0, 0y Py, (15)

for use in the energy formulas,

These matrix elements are many-body integrals,
From classical statistical mechanics one learns how
they might be evaluated with cluster expansion pro-
cedures or stochastic methods. Yet, to our taste, in-
tegral equation techniques appear more efficient and
reliable. By generalizing the formalism developed in
Ref. 4, we define

Ik, kK, .
where the expectation value is now taken with respect
to the wavefunction

N
;j.u:D-{exp;jzﬂzt(rij)}. (17
=1
Differentiating Eq. (16) with respect to u, we find the
recurrence relation

d
L0 Ty )

--,kn‘M)E(Dkl 'Dkz"' pk">u; (16)

zilﬁzk;lt(k)[gnz(kl, k29 ey km k, _ kl u)

_In(kl’kZY”“5knlp’)12(k’-k‘u')]7 (18)

thus a hierachy of differential equations. By truncating
the hierarchy with a reasonable closure approximation,
one can in principle solve the equations and obtain all
Ik, k,...,k,lu), and in particular all

In(klyk‘z";"kn)zln(knkzy-“’kn“‘L:l)- (19)
In the lowest orders, Eq. (18) yields

'{{dﬁjl(kl‘ w)= %kzu(k)[lg(kuk’ _kl IJ‘)

_Il(kll “)Ig(ks - k{ }l)]

d_dl_—ilz(kl’ kZ‘ p’):i%)—zk: u(k)[lnl(kl? k2’ ky —kt l—L)
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- Lk, k| )Lk, -k | p)]. (20)

If I, and I, are expressed in terms of I, and [,, then
Eq. (20) is a set of two coupled differential equations
and can be solved for I,(k!u) and L(k,, k, | i1).

In this paper, we derive general formulas for the
matrix elements [, (k;,k,, ... ,k,!u) which, in the con-
volution approximation are given in terms of I, and /,.
Specific expressions for I, I,, and I, are given. Except
where noted, the model in mind will be the inhomoge-
neous electron liquid as defined in this section. De-
tailed application and results will be presented else-
where.

Il. MATHEMATICAL FORMULATION

Consider an N-particle system which possesses a
nonuniform density distribution. The inhomogeneity
may be the consequence of an external periodic potential
such as in the case of electron liquids in solids. It may
also be caused by the existence of a surface, or the
presence of local impurities., We shall first formulate
our analysis generally without specifying the type of
inhomogeneity to encompass all these possibilities,
The result will then be specialized to the case of a
periodic inhomogeneity.

As mentioned in the Introduction, we wish to evaluate
the multiple density correlation function

In(kl,n..,knlll):Q)H---Px,,>u, (21)

where (), denotes the quantum mechanical expectation
value defined in Eq. (11} by the wavefunction

¢ (g, ..., Ty) of the N-particle system. For conven-
ience, we shall omit the subscript 1 as well as all
references to spins in the following.

The formal evaluation of I, follows closely that for a
homogeneous system. ° First, we define the n-particle
distribution function

Plry, ..., 1,)

N!
:W:_n)'f |o|2dr,,,... dry/ [ |v|%dr, ... dr,,

(22)

which, by definition, is symmetric in its # coordinates.
For a homogeneous system the one-particle distribution
function p,(r) is a constant equal to the mean particle
density p=N/Q. For an inhomogeneous system p, (r)
will be dependent on spatial coordinates. Next we define
the cluster functions fy, f3,..., as follows:

bo(ry, 1) =py(r)py (r )1+ fo(xy, 1)),
Py, 1y, 1y) :Pz(rl)pl(rz)pl(rz)[l +fo{ry, 1) + o1y, 1)

+folrs, 1))+ fo(ry, 15, 1), 23)
ete.
Further, define the Fourier transforms:
n(k):fpl(r) exp(ik « r) dr, (24)
pgﬂ:é@ﬂk) exp(~ ik 1), (25)
F(ky,...,k,)
Rajan, Woo, and Wu 893

Downloaded 17 Apr 2003 to 129.10.128.171. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



:fpl(r,). RN E T ¢ JRS
xexpli(k, *r; +... +k,+r,)]dr,... dr

(26)
n=2,

ns

It is then a direct consequence of these definitions that
the expectation value (21) can be written as®

I (k) =7(k),

Lk, k,) =7n(k,)n(k,) + U,(k,, k,), 27
Lk, k,, k) =7k, )n(k,)m(k,) + (kU (K, k,) + 7(k,)U,(ks, k,)
+7(k)U,(ky, ko) + Uslk,, ky, ky),

ete.,

where

Uy(k,, k,) =7(k, +k,) + F,(k,, k),

Uik, k,, k) =7(k, + k, + k;) + Fy(k,, k, + k;) (28)
+ Fo(k,, ks + k) + Fo(ky, k, + k) + Fo(k, ky, k),

etc.

This completes the formal evaluation of I,. While Eqs.
(27) and (28) are exact, the usefulness of this formula-
tion rests in the fact that U,(k,,...,k,) assumes a sim-
ple form when the convolution approximation is used
for p,. This will then make the evaluation of I, practical
for reasonably large values of n. The rest of this paper
will be devoted to evaluating U,. However, there also
exist some general properties of the F and U functions
which are exact. We now describe these properties.

An immediate consequence of the definition (22) of
P, is the sequential relation®
f/)l(r)dr:N,
[Py v oy T )AE L = (N =) (ry, .., 1),

(29)

nz1, (30)

Equations (29) and (30) imply, in turn, the following
conditions on f:

fpl(rZ)fz(rl’ r)dr,=~-1, (31)
fpl(rml)fnd(rl! L rn»,l)dr,ﬂl == nf,,(rl, ey I‘n), nz2,
(32)

Note that Eq. (31), which reflects the normalization of
f», is a rather stringent condition. It will play an es-
sential role in later discussions.

In terms of the F functions, conditions (31) and (32)
lead to

F,(k;, 0) =~ w(ky), (33)

Foikyy oo,k , 0)==nF,(Kk,... k). (34)
It then follows from Eq. (28) that

U, k,...,k,)=0 for any k;=0, n=>2, (35)

Equation (35) is an exact result, and is a direct con-
sequence of the sequential relation. Assuming reason-
able behavior for U,, we then expect U, to go to zero
smoothly for small k,. In fact, we shall explicitly see
that under the convolution approximation of p, which
preserves the sequential relation, U, vanishes linearly
in k,. However, it must be pointed out that it is not
generally true that U, is continuous at 2, =0 such as in
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the case of a short-range Jastrow function with D=1,
For such systems U, will not vanish in the %; — 0 limit.

Another consequence of the definitions is that the
function U, is of the order of N.® This is so because the
moving of one particle to infinity reduces the n-particle
distribution function to (n - 1)-particle distribution
function. As a consequence, we expect

lim f(r,...,r,)=0, (386)

Tij‘-c

lsi<jsn,

The assertion then follows from Egs. (28) and (26).
Similarly we expect 7(k) to be of the order of N if it
does not vanish.

It proves convenient to introduce the Fourier trans-
forms

1 .
8(K,, X,) =5 ffz(rl, r,)exp[-i(K, - T, + K, - ,)]dr,dr,,

or

folr )= 2. 6Ky, K,)expli(K, -1, + K, - r,)].

KKy

(37)

It is easily verified that the normalization condition
(31) of f, can be written as

Z;J T(K,)0(K,, K,) = - 6¢ (K, 0),

2

where d, is the Kronecker delta function. The following
identities implied by Eq. (38) will be used in later
discussions:
k)= 2 w(K)rk+K,) - (K, -k, K,+k)],

K,.K,

(38)

(39)

m(k, + k)= KZKQ m(k, + K1k, + K,)[ - 8(K, —k,, K, + k,)].
(40)

1*

Despite its apparent asymmetric appearance, Eq. (40)
is actually symmetric in k, and k,.

1. CONVOLUTION APPROXIMATION

In the development of the theory of liquid *He, Jack-
son and Feenberg® proposed a convolution approxima-
tion for the three-particle distribution function, p,,
which satisfies the sequential relation exactly. The
convolution form has since been extended to p, for
general »,” and used in the evaluation of /, for a homo-
geneous system. ® To evaluate I, for inhomogeneous
systems, we shall therefore first need a generalization
of the convolution approximation.

It is straightforward to generalize the convolution
form for p,. Using Eq. (31), one easily verifies that
the expression

p:(iﬂ(rls Ty, r3)
=p1(r1)f)1(r2)p1(r3)[1 +f12 +f23 +f31 + f12f23
+fosFor +forfro + [ D10 frafoafsadra]

satisfies the sequential relation Eq. (30) for n=2.
Here, we have adopted the shorthand notation

fii=rhr, ).

Since Eq. (41) reduces to the convolution form for p,

(41)
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FI1G. 1. Graphical represen-
{ tation of p¥’,

2 3
CACACAA
i3 2 5 3

of Refs. 6 and 7 upon taking p,(r)=p, it is a natural
generalization of the convolution approximation.

To further generalize Eq. (41) to p{® for n> 3, itis
convenient, as in Ref, 7, to use graphical terms for
algebraic expressions.

We refer to Ref, 7 for definitions of terms in linear
graph theory. It is seen that Eq. (41) can be represented
by precisely the same graphs as in Ref. 7, which we
reproduce in Fig. 1. However, the following rules will
now be used to convert graphs into algebraic expres-
sions:

(i) The line joining two root points labeled ¢ and j
carries a weight f; .

{(ii) The root point labeled ¢ carries a weight p(r;).

(iii) Each black point carries a dummy label k and
a weight

fpl(r,,)drk.

(iv) The algebraic expression represented by a graph
is the product of the weights in (i)—(iii).

With the diagram rules (i)—(iv), it is not difficult to
see that the analysis of Ref. 7 can be carried through
without change. The key step is, of course, the utiliza-
tion of the normalization condition (31), The considera-
tion eventually leads to the same expression of p{’ as
in Ref, 7.

For our purpose, it suffices to give only the ex-
pression for f,. One finds as in Ref. 7

(Mpue) Iy, .. (42)

=the collection of all distinct, connected, 7-rooted
Cayley trees, provided that all black points are nodes.

1)

As an example, f{°’ is shown in Fig. 1.

We now substitute Eq. (42) into Eq. (26) to evaluate
F{9, the convolution form for F,. The result is most
conveniently expressed in terms of the Fourier trans-
formed functions n(k) and 6(K,, K,). The substitution
leads to

FIG. 2. Graphical represen-
tations of expressions (45)—

v vl (7).
| 2 )
K‘Kl
(& P—o — :§K
Kq 3
4 3 4 3
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A

4
[}

FIG. 3. Examples of graph
normalization,

2
/\
t 3
4

-

7

F{(k,, ...,k )=the same graphs as in Eq. (42),

(43)
provided that the following graph rules are used:

(a) Cut each line inta two halves at the midpoint and
label the two halves with momenta K, and K; re-
spectively.

(b) The line labeled K, and K; carries a weight

2 6K, K,).
Ky’ K
(c) The root point labeled i carries a weight

m(k; + 7K,), where 7K, is the sum of the momenta of
the half-lines incident at the root point.

(44)

(d) Each black point carries a weight 7( 3K,), where
7K, has the same meaning as in (c).

(e) The algebraic expression of a graph in Eq. (43) is
the product of all the weights in (b)—(d).

Note that we have numbered the momentum-space
graph rules by Roman letters to distinguish them from
the rules in the r-space. Some typical terms in Eq.
(43) are shown in Fig. 2 with the algebraic expressions
given as follows:

(@) Fylky,k,)
= fpl(rl)p]_(rz)fz(r],’ rz) exP["(kl ° r1 +k2 ¢ rz)]dr1dr2
= 27wl + Kk, +K,)0(K;, Ky,),

K1, Kp

(b) fP1(1‘1)P1(1'2)P1(r3)f12f23

(45)

Xexpli(k, * v, +K, * 1, + Kk, ° 1,)|dr,dr,dr,

= 2

Kyseeo, Ky

7k, + Kk, + K, + K )r(k, +K,)

x0(K,, K,)0(Ky, K,),
(e) fp1(r1) oo P(T6) fisSas fasSsa 56

xexpli(k, * v, +... +k,*r,)dr, ... dr,

(46)

= 22 1wk, + K)O(K,, K ]6(K,, K,)
K; K; i1

X (K] + K, + K (K, + K, + K,). (47)

We are now in a position to evaluate U{®’ by com-
bining Eqs. (43) and (28). To this end it is convenient
to introduce the normal graphs as in Ref. 5. Whenever
a rooted point, labeled ¢, say, occurs as an interior
point, the graph is “normalized” by converting the raot
point into a black point, adding a new root point with
the same label 4, and connecting the new root point to
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(Cl) Kyt ky
o

O - el
(b> ko kpths Ky o "03
s FIG. 4. Examples of graph
1 ! normalization where the
A momenfum label is the sum
o }‘7 of individual momenta.
2 3
ok
o —_— N
(C> Kt Ky bk o’/ "o

the black point by a broken line. Some examples of this
normalization procedure are shown in Fig, 3, Although
a new (broken) line and a new point are added to the
graph, the graph weight can be made unchanged if we
use identity (39), and associate with a broken line the
weight

" T TR (49)
Here the diagram rules (a)—(e) are followed except
that the weight (48) is used in place of (44) for broken
lines. In (48), K, is the momentum label of the half-
dashed line incident to the new root point.

The above normalization procedure can be applied in
succession to graphs whose labels are sums of indi-
vidual momenta, Some examples are shown in Fig. 4.
Here, Fig. 4(a) is precisely the graphical representa-
tion of identity (40); Fig. 4(c) reads
m(k, +k, +k;)

3
= 2 A0k, +K) - 6(K] -k, K, +k)]}
K;,K;
Xa(K; + K, + K., (49)

An expression for Fig. 4(b) can be similarly obtained
from the graph using the rules (a)—(e).

After all graphs in Eq. (43) are normalized, we ar-
rive at

Uk, ..., Ky)

=the collection of all distinct normal n-rooted
Cayley trees whose black points are nodes. The ter-
minal lines are either solid or broken. (50)

(Terminal lines are the lines incident to the root points
which are now on the surface of the Cayley tree.) Now,
each terminal line is either solid or broken, irre-
spective of the condition on other lines; we may there-
fore combine the solid and broken lines to form a dou-
ble terminal line and obtain

Usz)(klr L) kn)

= the collection of all distinct normal n-rooted
Cayley trees whose black points are nodes and whose
terminal lines are double lines. (51)

The double (terminal) line now carries a weight which
is given by combining Eq. (44) and (48),

> [6(XK;, K,) = 8(K; ~k;, Ky + k)] (52)
KKy

Here, as in Eq. (48), X, is the momentum of the half-
double line incident to the root point labeled i.

Equation (51) is identical to the result of Ref, 5,
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except that the graph rules are now (a)—{e) with Eq.
(52) in place of Eq. (44) for terminal lines, Graphs
for Uf® have been given in Fig. 5 of Ref. 5 for n <5,
We give here only the explicit expression for n=2, 3, 4:
Uyk, k)= 2. 7(K,+k)n(K,+k,)

K1 Ko

x[8(K,, K,) ~ 0(K; ~ k3 K, + k)], (53)

3
U:(;C)(kp k‘zy ka) = E . ’U(Ki +K; +K;) il;[l{ﬂ(Ki + ki)

{1
x[6(K}, K,) - 0(Kf -k, K; + k)], (54)
U‘(ld(kv kz’ ks, k4)

4
= 25 I{n(K, +k;)[6(K}, K;)
K, K; =1

- 6(K! -k, K, + k)] Hn(K] + K] + K] +K})
+ﬂ(K{+K$+K5)n(Ké+K;+K6)9(K5’K5)]° (55)

Note that Eq. (52) implies U® ~k, for any %, ~0 if the
function 6 has a Taylor’s expansion. This is the result
alluded to earlier in the text.

IV. APPLICATIONS

The expression (51) for U, has been derived using the
convolution approximation; otherwise it is an exact
result. In applications further simplification usually
arises either due to some special properties of the
physical system or additional approximations introduced
for convenience. To make our formulation useful we
now describe some of these simplifications.

Consider first the case of a homogeneous system.
For an isotropic and homogeneous many-particle sys-
tem we expect p,(r)=p and the two-particle distribution
function p,(r,, r,) to depend only on the distance between
the two particles, or

folry, rp) =h(ry,). (56)
Thus from Eq. (37) we find

B(K,, K;) =N"u(K )0 (K, +K,, 0), (57)
where

u(k) = p [ exp(ik + ¥)h(r)dr, (58)
The normalization condition now reads

u(0)=-1, (59)
Also from Eq, (25),

7(k) =Nog(k, 0). (60)

Substituting these results into Eq. (51), we see that the
graph rules (a)—(e) may be greatly simplified. In par-
ticular, each line now carries a single momentum label
and a weight #(X) for internal lines and weight u{k,)

- u(0) for terminal lines, The root and black points
carry no weight except that momentum is conserved at
black points, This is the result of Ref. 7.

In the application to inhomogeneous systems it may
be necessary for reasons of practicality to assume ap-
proximation (56), even though the one-particle distri-
bution function should still be dependent on spatial
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coordinates. Again, this leads to a single momentum
label for each line and the graph rules are simplified
accordingly.

Finally, we consider the application to a system with
periodic inhomogeneity. For such a system the n-par-
ticle distribution function (23) is expected to remain
unchanged under the translation R of all particle coor-
dinates, where R is any lattice vector of the underlying
Bravais lattice.® This says in particular

py{r +R)=py(r) (61)
and

fr, +R, ..., 0, +R)=f (r,...,1,). (62)
It then follows from Eqs. (25) and (37) that

7R} =Mb. (K, G)7(G) (63)
and

6(K,, K,) =M5 (K, +K,;, G)o(K,,K,), (64)
where

T(G) = [ w4t con AT Py(r)exp(iG - T), (65)
and

oK, K,) =f unit cell dr,fdrzfz(rl, ry)

xexp[-i(K,*r, +K,-1,)]. (66)

In Eqs. (63) and (64), M is the number of unit cells of
the periodic lattice, and G is a reciprocal lattice vector
satisfying

exp(iG*R)=1. (67)
Similarly, Egs. (62), (26), and (28) imply that
U,ky,... . k)=Mb (k +...+k,Gu, n=2, (68)

where u, =0(1). Note that Eq. (68) is an exact result
valid for any system satisfying Eq. (62).
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V. CONCLUSION

We have evaluated in a closed form the multiple den-
sity correlation function I, for a nonuniform system.
The exact expression of I, is given in Egs. (27) and (28)
in terms of the cluster integrals U, . In Sec. III we gen-
eralized the convolution approximation for the n-particle
distribution function to nonuniform systems, and used
this approximation to evaluate U,. This leads to the
closed form expression (51) for U,. Explicit expressions
for n=2,3,4 are given in (53)—(55). Finally in Sec. V
the formulation is specialized to specific systems in-
cluding the case of a periodic inhomogeneity,
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