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A closed expression similar to the Ursell-Mayer expansion is obtained for the static multiple density
correlation function I, = (pk <+ py ) of a many-particle system. It is shown that I, breaks into pro-
ducts of lower ones, if there exist pgrtial momentum conservations among the k's. Using the convolution
approximation for the n-particle correlation function, we evaluate I, in a closed form. The result is

shown to be accurate in the small % region.

I. INTRODUCTION

The static multiple density correlation functions
In(kl’ e ’kn) _ <pk1 “en pkn) (1)

play an important role in the study of many-
particle systems. The notation ( ) denotes the
expectation value for a quantum mechanical system
or the canonical ensemble average for a classical
system; p, is the density fluctuation. In the theory
of quantum liquids, ! for example, I,'s are the over-
lapping matrix elements of the phonon states. A
detailed knowledge of these integrals would then
permit the construction of a complete set of ortho-
normal states. In the configurational space we have

N

Pu= 2 emlik )

i=1

(@)

where r; is the coordinate of the ith particle and

N the total number of particles. The evaluation of
I, then requires a knowledge of the n-particle dis-
tribution function g,. In order to have a reasonable
estimate of these matrix elements, one usually
uses the Kirkwood superposition approximation2

or the convolution approximation3,¢ for g,. It is
quite difficult, however, to assess the accuracy of
these estimates. Furthermore, the algebra in-
volved in these evaluations is quite tedious. For
example, one has to consider explicitly whether
there exist partial momentum conservations among
the k's. Besides a few special cases that have
been considered,5~9 no general expression is
known for I,,.

In this paper we shall consider this general pro-
blem. We first derive in Sec.II a general expres-
sion for I,. From this expression and the assumed
cluster property of the distribution functions, we
are able to see that I, breaks into product of lower
ones if there exist partial momentum conserva-
tions among the k's. Consequently, some of the
results previously obtained using the super-
position approximation are seen to be exact. This
general discussion also permits us to assess the
accuracy of the estimation obtained by using the
convolution approximation. In Sec. III we use the
convolution approximation to evaluate [,. A closed
expression is obtained and is shown to be accurate
in the small % region. Some applications of our
result are given in Sec. IV.

II. GENERAL FORMULATION

The quantity of inferest is I, defined by Eq. (1).
Explicitly we write

In(kl’. .'v!kn) = QI.;Ilanpkl e pk,i'drl et drN’

®)
where
Qy = | Wydry -+ dry
and W, is symmetric in the particle coordinates
{r;, +++,ry} and is given by

Wy = exp[— V(ry,*,ry)/kT] (4a)

for a classical system,
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Wy = ]d/(rly"'yr}v) 12 (4b)

for a quantum mechanical system.

Here V is the total potential energy and ¢ is the
wavefunction describing the system.

Let us define as in Ref. 4 the n-particle distribu-
tion function

N! - -
8Ty, s T0) = y—y; QP

X fWNdrn,‘.1 ceedry, (5)

where p is the particle number density. An imme-
diate consequence of this definition is the sequen-
tial relation

pfgnﬂ_(r]_, e 9rn+1)drn+]_= (N - n)g,,(l‘l, ey, rn)-
(6)

The following cluster condition is also expected
to hold for an infinite homogeneous and isotropic
system such as a liquid:

r}nlglo gn(rlr tee ’rn) :gn-l(rl’ tee ’rn—l)’

(M

i=1,2,-+0,n—1.

We shall assume (7) in later discussions.

It is convenient to define at this point the cluster
functions f, as follows:

g1(ry) = f1(ry) =1,
gz(rprz) "—‘f1(r1)f2(r2) + fz(r]_, 1'2):
83(r1,T2,T3) = f1(r )1 (xa)f1(r3) + f1(ry)fo(ry, T3)
+ fl(rz)fz(ra, rl) + fl(rg)fz(r]_, rz)
+ f3(ry, Ty, r3), (8)
etc.

The structure of Eq. (8) is identical to that of the
Ursell-Mayer expansion in classical statistical
mechanics.10 We shall use the compact notation

(8")

to denote the structural relation (8) between any
two sets of functions g, and f,.

g=oaf or f=a"lg

The function £, is symmetric in its » coordinates.
The cluster condition (7) implies the following
condition on f:

(9)

li.Lnoofn("l""’yn):O’ 1=i<j=n.

Ti]

Namely, f, is significant only. when the n particles
are clustered together. Also it is easy to estab-
lish by induction that the sequential relation (6)
implies the condition

pffnd(rl”' (10)

] rn+1)drn+1 = nfn(rl’ ftty rn)'

Y. WU

We shall also need the Fourier transforms of the
g and f functions:

o k,) = p"fg,,(rl, ceo,Ty) expli(ky °Ty
dr,

n

Gk,
+ oo 4k, )ldry .-
(11)

Fn(kl: te ,kn) = p"ffn(rl? e ,I‘n) ex‘p[i(k1°l'1
+ .-+ k,or)dr, --- dr

ne

With these definitions we now proceed to evaluate
I,. Substituting Eq. (2) into Eq. (3) and making use
of the definition Eq. (11), one readily obtains the
following:

Il(kl) = G1(k1),
Iz(kl, kz) = Gl(kl + kz) + Gz(kl,kz),

I3(ky, Ky, kg) = Gy (k; + Ky + k3) + Gyky, Ky +Ky)
+ Gylkg, kg + k,) + Gylky,ky + k,)
+ G3(kq, kg, k3), (12)

etc.,

I,(ky,+0,Kk,)

= 25G, (all distinct partitions of the k’s).

A typical term of Eq. (12), e.g., G,(k; + kj, Kk,

+k, + kg, -+ ), comes from the contribution in

Eq.(3) whenr, =r,, ry =1, =r;, etc., where

{ is the number of distinct r's. We shall use the
compact notation

I1=pG or G=8"11 (127)
to denote the structural relation (12) between any

two sets of functions I, and G,,.

It is clear from the definitions (11), (8), and (8')
that

G = aoF, (13)
Hence, from (12’),

I = BaF. (14)
We now make use of the identity

Ba = ap, (15)

which can be proved by observing that every term
in Ba F is in af F and vice versa. We then arrive
at

I = oU, (16)
where
U = gF. (17)

Equation (16) is our main result. Note that the de-
rivation of Eq. (16) involves only the definitions of
the g, f, G, and F functions and is therefore exact.
The cluster condition of Eq.(7) has not been used
in these discussions.
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We now discuss properties of the U functions de-
fined by (17) as implied by the sequential and the
cluster properties (6) and (7). It is easy to see
from Egs. (10) and (11) that
Frul(kla"':kn’o)z_nFn(kly"':k)~ (18)
As a consequence of Eq. (18), one can establish
the relation
U,(ky,---,k,)=0 ifanyk;=0. (19)
Equation (19) is, of course,a consequence of the
sequential relation Eq. (6) and is therefore exact.
For example, Egs. (17) and (19) recover the iden-
tity
(20)

In+1(k1, . 'ykn,o)zNIn(k]_’.'.’kn)’

which is implied by the definition (3).

The cluster condition (9) has the important conse-
quence that F, defined by Eq.(11) is of the order
of N. Furthermore, from the translational invari-
ance of f,, we see that F, vanishes unless k; + ---
+ k, = 0. Since each U function is a linear com-
bination of single F functions, we conclude that

U,(ky,»e,k,) = 6k1+...+kn,00(N). (21)
In particular
U, (k) = 8, oN. (22)

It follows then that the leading contribution in I,
[Eq.(16)] comes from the terms containing the
most number of nonvanishing momentum-conserv-
ing 0 functions. That is,the leading contribution
can be broken into product of lower I,'s if there
exist partial momentum conservations among the
k's (the degenerate case). The degeneracy factor
can be easily counted. For example,

Moy py )1 = T, Uy, k) [1+ OV )]
(23)

This result was first derived by Jackson and
Feenberg5,7 in an elaborate analysis using the
generalized Kirkwood superposition approxima-
tion for g,. Since only g, enters in the expression
of U,, we see that, to the lead order in N, Eq.(23)
is exact. Indeed, an alternate derivationl! of Eq,
(23) using the generating function technique does
not involve the use of higher distribution functions.
The exact result is generated by the superposition
approximation because the latter satisfies the
cluster condition (7). Another example of applica-
tion of Eq.(16) is the evaluation of the following
matrix element8 which enters in the theory of dis-
persion of phonons in liquid He4:

Is(k;ly_k_
x[1+oW-1),klIk+11h=0.

1,h,— h) = Uslk,1,— k — 1)U, (h,— h)
(24)

1925

This integral was first evaluated by Lai, Sim, and
Woo8 using convolution approximations to 83,84
and g5. It is now clear that only g; and g, enter on
the right-hand side of Eq. (24) consistent to a re-
cent remark by Feenberg,? Finally we remark

that if Gk{-- .+K,,0 is the only nonvanishing momen-

tum-conserving factor, then

In(kl?.")kn)= Un(k]_}..',kn)° (16,)

OI. EVALUATION OF U,
APPROXIMATION

In this section we evaluate the U functions defined
by Eq.(17) using the convolution form g,( for g,.
If we define

BY THE CONVOLUTION

£() = o-1g ) (25)

and let F, () be the Fourier transform [Eq.(11)] of

7, ), our goal is then to compute
U = gra, (26)

First, we remark that since g (<) satisfies the se-

quential relation exactly, U,(¢) shall satisfy Eq.
(19). In fact, our result, Eq. (34'), yields precisely

UL o kyky * -k, for small k's and n = 3. (27)

In the ensuing discussions it is again convenient
USe is quite accurate, at least in the small %
regions, Any correction would be of higher than
the nth power in k's,

In the ensuring discussions it is again convenient
to introduce a diagrammatic notation for algebraic
expressions, Readers are referred to the basic
conventions and definitions given in Sec.III of Ref.
4, The principal definitions and a few new addi-
tionsl2 are now reviewed.

A graph is a collection of points with lines joining
certain pairs of points. A 7oot (or root point) is a
point with a numeral label and is represented by
an open circle. Unlabeled points are represented
by solid, or black, circles. An n-vooted graph has
precisely n root points, labeled from 1 to»n, A
node is a point having three or more incident lines.
These lines infersect at the node point. A terminal
point has only one line incident. The line incident
to a terminal point will be called a ferminal line.
A Cayley tree is a connected graph containing no
cycles, i.e., one cannot return to a point onh a Cay-
ley tree by following a sequence of lines,

To obtain the mathematical expression represen-
ted by a graph, one simply writes for each black
point a factor p f dr,,where k is taken to be the
label of this black point, and for each line connect-
ing two points labeled ¢ and j writes a factor
fo(lr;—r;l). Any isolated root point has a factor
1, With these conventions, the convolution form
for g, is*
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g¢Nry, -+, r,) = the collection of all distinct n-
rooted graphs consisting of connected and dis-
connected Cayley trees provided that each

black point is a node. (28)

A moment's reflection using (25) and (28) now
yields

fXry, -+, r,) = the collection of all distinct con-
nected n-rooted Cayley trees provided that
each black point is a node. (29)

It is now possible to evaluate the Fourier trans-
form F() of f5), Since every term in f{¢ is a Cay-
ley tree, the result is quite simple and can be ex-
pressed in terms of the Fourier transform of f, =
8o~ 1)

u(k) =S(k)— 1 =p fekeT[g () — 1ldr.  (30)
In fact, every term in F{)(k,,---,k,) can also be
conveniently represented by a graph related to
the graph of f{¢). The following further graph de-
finitions will be useful.

A normal graph is one in which all roots are ter-
minal points. Thus Fig. 1(b) is a normal graph
while Fig. 1(a) is not. We speak of the following
process which converts a graph into a normal one
as the normalization of a graph. The normaliza-
tion process is simply to remove the label of any
nonterminal root point, thus leaving a black point,
add a new root point with this label, and connect it
to the black point by a dotted line. In this way the
graph of Fig. 1(a) is normalized into that of Fig.
1(b). We see that a normalized graph will now
have two kinds of lines, the solid and the dotted
ones. The dotted lines are always terminal lines.

| 2 | 2
5
3 4
(a) (b)
FIG. 1. Normalization of a graph [graph (a) is normalized into
graph (b)].

Consider a given graph G in f{®). We leave it for
the readers to verify that the Fourier transform
[Eq.(11)] of this graph can be obtained by the fol-
lowing rules:

1. Normalize G if it contains nonterminal
root points.

2. In the normalized graph label the termi-
nal line (solid or dotted) connected to the ith root
with momentum k.

3. If all lines incident to a node are labeled
except one, then label this remaining line with a
momentum equal to the sum of all the previously
labeled momenta surrounding this node.

4, Repeat 3 until all lines are labeled.
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5. For each solid line labeled by k write a
factor u(k). For each dotled line write a factor 1.
6. The Fourier transform of G is the pro-

duct of all factors in 5 and the factor Nﬁk;- .. +k,.0.

2

LN

(b)
()

FIG. 2. Fourier transforms of two terms of /5.

We remark that the momentum labelings are
unique because the graphs are all Cayley trees
and because the total momentum is conserved.
Two examples are given in Fig. 2. The graphs on
the left are two typical terms of /{¢), while the
graphs on the right are their Fourier transforms.
Explicitly Fig. 2 says the following:

() 05 [fsfsafaafsa explillcyr + - +kgry)]
X dry---drs = NuytyysUusty0y404314450

(b) P8 f1ofz6 36 Jae as €XPLilky Ty + -+ +ger)
X dry oo drg = Nugthy oty sis0yioiaigrs

where we have adopted the shorthand notations

Uy = u(ky), e = u(lky +kyl)

etc. (31)

8110 = Ok +kp0,
Thus we arrive at

F{Nk,, - -
££e) subject to the rules 1-6.

-,k,) = the collection of all graphs of
(32)

F{) for n=1,2,3,4 are given explicitly in Fig. 3,
where only the topologically distinct graphs are
shown and the momentum labels have been
deleted.

It is seen from Fig, 3 that in the expression of
F,(f) there exist pairs of graphs which are identical
except that in one graph a given terminal line is
solid while in the other the same terminal line is
dotted. We may then combine these two graphs
into a single one so that this terminal line is
doubled (solid and dotted lines). The weight of this
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Foo= o
F, =
(c)
A z/\n /R
(C)
F4 : {—Q +
q
\
" f_\;
FIG. 3. Diagrammatic representations of Fff) for n=1,2,3,4.

double line is now u(k) + 1 = S(k). However, we
cannot do this simultaneously for two or more
terminal lines intersecting at one node because
according to our rules of normalization no graph
has intersecting dotted lines. This problem is re-
solved when we substitute Eq. (32) into Eq, (26) to
compute U{?), From the definition (12) or (12') we
see that in some graphs of U{® the terminal lines
have momenta which are the sums of individual
k,;'s. These graphs can be converted to have inter-
seécting dotted lines and give rise to precisely
those graphs we need. First a dotted terminal line
having a momentum Zk; can be split into several
terminal lines, each having a label k;. For a solid
terminal line having a momentum Zk;, one simply
adds new terminal points and connects all these
new points to the original terminal point by dotted
lines. Three examples of such conversion for
graphs U are shown in Fig. 4. Consider

Uff)(klykzykykzz) =+ +Fy(ky,ky + kg +ky)
e+ F$ky Ky kg +Ky) +

The graph of Fy(ky,ky + K3 +Kky) = NuyByi515,4 18
the one on the left in Fig. 4(a) By the above pro-
cess this graph is converted to the one on the
right in Fig. 4(a). The latter now has four root
points with single momentum labels. Similarly,
Fig. 4(b) denotes the same conversion for the term
Nupttn, 401404304 10 FSO(ky, Ky, Ky + k), ete. Note
that this process results in the same algebraic ex-
pression because of rule 3 above.

After converting all graphs of U{? in Eq. (26) ac-
cording to this rule, we see that

USXky, -+ -, k,) = the collection of all distinct
normal n-rooted Cayley trees provided that
each black point is a node. The terminal
lines can be either solid or dotted, each con-
sidered as distinct. (33)

Of course, rules 2-6 must be used in Eq. (33). The
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7
LY
(a) 0———0 — -0
kptkytk, LY | k3
Kq
)
P
/K,
(b) Ks +Ka\ -
2
P ?
/ Kptk 1k
K 2+K3 2
(c) ‘ — ul — -0
k k ks

FIG. 4. Reduction of three graphs in Uff) to single momentum

labels for the terminal lines

identity between Egs.(33) and (26) can be estab-
lished by observing that every graph in Eq. (26) is
in Eq.(33) and vice versa.

It is now possible to combine the solid and dotted
lines of all the terminal lines at the same time to
form double lines. Thus we arrive at our final
result:

U{Xk,, - +,k,) = the collection of all distinct nor-
mal n-rooted Cayley trees provided that each
black point is a node. All terminal lines are
double (solid and dotted) lines. (34)

Graphs for U{®) are shown in Fig.5 for n=1, 2, 3,
4,5, where all momentum labels are deleted and

U = |
[_j2 = Oo===0
ulo X
3 4 \\
© N
P N\
N
{C) 4
= N
U5 + = +

FIG. 5. Diagrammatic representations of U(C) forn=1,2,3,4,5.
The double lines have weights S (k) while the single lines have
weights u(k) (see text).
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only the topologically distinct graphs are shown,
Again rules 2-6 must be used in Eq. (34) with the
following addition to rule 5:

For each double terminal line with a label k
write a factor S(%).

Explicitly, Eq. (34) reads

Up(kKy,kp) = Nby4pSy,
Uy, o) = NogoeerinSy oo S, ( (34')
>
with13
4y =0,
Ay =tpp t gz + gy, (347)

A

2 Uyt

i+ i+jtk*
1Si<j<s 7 J

1< I<kLS

A, and A5 can be read off from Fig. 5. In general,
A, is some linear combination of products of the
u's and can be represented by the diagrams in (34)
with the terminal lines stripped. We note the fac-
tor S, --- S, in UL for » = 3. Since in a liquid

S (k) o« & for small &, 1,14 we arrive at Eq. (27), the
result quoted earlier.

IV. ORTHONORMAL BASIS

One possible application of our resuit is the con-
struction of orthonormal bases in the quantum
theory of liquid He4., Jackson and Feenberg5 first
considered this problem in the paired phonon
space. We now briefly outline their result (with
somewhat simplified analysis) and indicate the
direction of possible extensions.

Consider the normalized + k phonon states

Wy = Cps o 0,  for fixed integrals,  (35)
where Y, is the ground state wavefunction and the

normalization constant C,, = [NS(k)] ¢*25/2x

[(1 + 2s)!]7/2 can be determined from Eq. (23).
We wish to construct the orthonormal set |p) de-
fined by the linear transformation

4
|p) = Z()) aplwl»,s,z: (36)

where for brevity the dependences of |p) on s and
a,; have been deleted.

A convenient set of equations to work with is3

a, 0| Upes ) = 8y h=D. (37)
Via Eq.(35) for ¥., ,, Eq.(37) becomes
4 (L+h + s)!
E(, Gopp1 T(2T + s) 1 (2h + ) 1JV2 = Onpr = p.(38)

Y. WU

To solve Eq. (38), we define

_[Ll+ s) '(2p+s)']1/2

a (I+8)lp! o

Cppy =

(39)

and multiply Eq. (38) by the factor [(2k + s)!]V/2/
k!, The result is the equation

é(”“s)a,:%, h=p. (40)
Comparing Eq. (40) with the identity!5
li l+p(l>(l + Z + s)__: b, h=p, (41)
we find
= 0"17); (42)
hence
S PR G I Y] SRS

This completes the construction of the orthonor-
mal set |p) in the paired phonon space.

One direction of possible extensions is to construct
an orthonormal basis using the n-phonon states

ll/r(r/,n) = meo(pk * pkn)m: m =0, 1; 2: ey (44)
where k, + --. +k, = 0. One can indeed carry

out a similar analysis for finding the orthonormal
basis '

|p) = Z a b . (45)
The resulting equation to solve turns out to be
» -1
5 (h + z)" @, =86, h=p, (46)
1o\ R
where

o< (B] e

Unfortunately, we have been unable to find the
solution of this equation for » = 3. However, since
our result shows that the two and higher phonon
states are essentially independent in computing
the matrix elements, it would be possible to in-
clude only a few W“ for small values of » and =.
This would then constitute an extension of the case
n= 3 and m = 0,1 considered by Davison and
Feenberg.16
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The study of singularities in general relativity was given a strong impetus by a topological approach due
to Penrose and others, and powerful theorems concerning their existence have been developed, In par-
ticular a theorem by Penrose states that under certain conditions the existence of a trapped surface in

a space~time guarantees that singularities will develop. Using the spin coefficient formalism we genera-
lize from the Schwarzschild solution and prove the existence of a wide class of solutions possessing such
trapped surfaces by displaying the solutions to terms linear in a certain null coordinate. Then, using an
asymptotic procedure, the method is generalized to include a class of solutions possessing “asymptotical-

ly trapped surfaces.”

1. INTRODUCTION

In 1965 Penrose presented a remarkable theorem
on the existence space-time singularities which
must follow from the existence of a trapped sur-
face (a trapped surface being a compact spacelike
2-surface suchthat both sets of null rays orthogonal
to the surface have negative divergence at every
point of the surface).! From this theorem great
interest in trapped surfaces has developed. The
theorem requires the existence of a global Cauchy
hypersurface (GCH). A GCH in a space~time M is
a three-dimensional submanifold S in M such that
any timelike curve in M without endpoint has one
and only one point in common with S. The notion

of a GCH is related to the Laplacian idea of deter-
minism (that the entire future of the universe can
be completely determined by knowing the positions
and velocities of all particles in the universe at
one time, i.e., on one three-dimensional spacelike
submanifold) by the fact that the Laplacian idea of
determinism requires the existence of a GCH. That
is, if a GCH does not exist in M, then for any three-
dimensional spacelike submanifold I that we choose
as our “initial” hypersurface (“present” state of
the universe) we will be able to find an event A to
the future of / through which there pass nonspace-
like, i.e., either timelike or null, curves which have

no event in common with 7, In this situation we

see that, loosely speaking, such nonspacelike curves
can transmit information to A without that informa-
tion having ever registered on I. Thus, in order to
maintain the “classical” notion of determinism we
must assume the existence of a GCH. The conclu-
sions in Secs. 4 and 5 assume the existence of a
GCH in the space-times discussed.

Previous to the Penrose theorem it was believed
by many (for example, see Lifshitz and Khalatni-
kov2) that the necessary collapse to a singularity
of spherically symmetric matter within the
Schwarzschild radius was simply due to the high
symmetry involved. The Penrose theorem, with its
lack of symmetry assumptions, denies this simple
explanation and, in the consideration of space-time
singularities, shifts attention away from the sym-
metry properties of the situation, focusing in-
stead on the existence of trapped surfaces for

r < 2M. The Penrose theorem says that this,
rather than the symmetry, is the crucial factor
guaranteeing the eventual singularity at » = 0 for
collapsing matter. The Schwarzschild solution pre-
sents us with a situation from which to generalize
and thereby show the existence of a general class
of solutions exhibiting such trapped surfaces and
the attendant singularities.
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