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The procedure for generating useful cluster development in problems dealing with the Jastrow
wavefunction, as proposed by Wu and Feenberg, is discussed in detail. The existence of the expansion
is proved to all orders; also a simple rule is given for computing the expansion coefficients. The result
can be considered as a generalization of the Ursell-Mayer formulas.

I. INTRODUCTION

N the statistical and quantum mechanical treat-

ment of an N-body system, one often needs
the technique of the Ursell-Mayer-type cluster ex-
pansion’™® in evaluating physical quantities of
interest. In the general case the quantity considered
may be a function of NV distinct indices. For example,
in case of fermions, when a trial wavefunction in-
volving N single-particle orbitals is used to desecribe
the system, all quantities calculated for this system
depend on the N orbitals explicitly. This kind of
problem was first taken up by Jastrow* who intro-
duced a correlated wavefunction containing a factor
describing the correlation among particles in ad-
dition to a Slater determinant composed of plane-
wave orbitals. The mathematics of the cluster ex-
pansion in problems involving such wavefunction
has been discussed exhaustively by Hartogh and
Tolhoek® in a series of papers in which general ex-
pansion theorems are fully developed. On the other
hand, a much simpler formalism which is more
general, in the sense that the problem of Jastrow
wavefunction appears as a special case of its appli-
cation, was introduced by Iwamoto and Yamada.®
Considering the complicated notation and the large
quantity of combinatorial algebra involved in the
discussion of Hartogh and Tolhoek, an alternative
rigorous treatment along the more general lines
indicated by Iwamoto and Yamada seems desirable.
However it is rather difficult to demonstrate the
general character of the cluster expansion by the
method of Iwamoto and Yamada; also the existence
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of the expansion for arbitrary order is not easily
proved. An alternative procedure which retains the
essential simplicity and directness of the Iwamoto—
Yamada approach has been found by Wu and
Feenberg and used by them to compute numerical
results in a study of the fermion liquid.” It is there-
fore the purpose of this note to present a further
detailed discussion of the latter procedure. The
existence of the expansion is proved to all orders;
also a simple rule is given for computing the ex-
pansion coefficients. The result reduces to the Ursell-
Mayer formulas if one neglects the difference be-
tween all indices and, therefore, our formula is, in
a sense, a generalization of the Ursell-Mayer
formalism.

II. PROCEDURE OF CLUSTER DEVELOPMENT

As is well-known, the cluster-expansion procedure
is usually used in evaluating the logarithm of quan-
tity which behaves like exponential function of N.
In applications, the quantity of the order of e*¥
often has an integral form
yTN) dr d‘fz tee dTN,

¢y

in which the indices 1, 2, - -+ , N refer to, e.g., the
N different single-particle orbitals involved in the
trial wavefunction. The function W is symmetric
in all coordinates 7, 75, * - - , 7w, of the N particles
and the subscripts 1, 2, , N. A systematic way
to handle the problem, i.e., to evaluate In K,,...x
is as follows.>"”

First one defines the reduced K quantities by
specifying certain rules by which one generates the
K quantities of one index, two indices, etec. For
example if K,,...x is given by Eq. (1), one way to
define the reduced K’s is®

K12-~-N = f le---N(le Tagy **°*

= [ Wiz dn, @)

7F. Y. Wu and E. Feenberg, Phys. Rev. 128, 943 (1962).
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Kon = [ Wi, ) dridmy ete., @)

with [, m, n - .- referring to different indices in the
set 1,2, - -, N. The range of integration is the same
in all these integrals. Then the following relations
generate a set of X quantities, or a set of cluster
integrals:

K, =X,

Klm =X1Xm+le1
Klmn = XleXn + Xlen
+Xanl +Xnle+len) Y

until finally one reaches

@

K12~--N= Z {"'Xi"°X,'"'}
Zam.=N my factors
XA Xy oo X oo} oo, (5)

mq factors

in which the summation extends over all possible
products subject to conditions (i) no repeated in-
dices; (ii) permutation within a bracket not dis-
tinguishable. Each K, bence X, is symmetric with
respect to its indices.

As stated earlier, in application we are interested
only in the cases

In Ks...w ~ O). (6)

In fact if the rule that specifies the reduced K’s is
taken properly, one always has

X(m indices) T O(Nl—m)y (7)

and Eq. (6) follows as a result of Eq. (7), as we shall
see. Both Eqs. (6) and (7) are checked easily in the
special case of Mayer’s cluster expansion for a
clagsical imperfect gas for which all X’s having the
same number of indices are identical.

It is convenient to write

Kiow =X X, -« X,
Limeren = le___"/Xle - X,
I=1+men+ Emlm"

m<n l<m<n
+ 2

h<li<m<n

®
©)

(ThiZmn T TamZni F Tanlim + Thimn)

+ e
then

(10)

N
InKy,.w= 2 InX,+1Inl. (11)
1=1

The problem is now reduced to the evaluation of In 1.
At this stage, Iwamoto and Yamada® write down a
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set of differential equations and solve the problem
by construeting successive approximate solutions.
The extension of their method to arbitrary order is
difficult to carry out. In particular, the differential
equations must be written down with great care in
order to not overcount many terms.® In the following,
we shall first outline the alternative procedures sug-
gested by Wu and Freenberg’ and then extend the
discussion to all orders.

Let I,..... denote the function generated by
omitting all terms in Eq. (10) containing indices
in the set I, m, - -- , n. Then it is easy to see that in
Eq. (10) the coefficient of the factor z,, is exactly
I, Of Tomn 18 Ioms, ete. It follows that Eq. (10) can
be rewritten as

1= Ia+ qumlam + Examnlamn

m<n

+ Y ZemeLemeen o0 A+ T (12)
mn<eer <l
Now we write
Inl =@,
Inl,=G,=G—- H,, (13)

In Iam = Gam = (G - Hu - Hm)[]- + O(I/N)], ete.,

where @.,..., denotes the function generated by
omitting all terms in G containing indices in the set
I, m, ---, n. Retaining only the leading terms in the
exponentials, we transform Eq. (12) into

el =14+ Dz
m

+ 51_‘ mzn xqmne—(H.,.+Hn) 4 e (14)
Here the convention that any x with repeated in-
dices vanishes, i.e. 2...;...;... = 0, is introduced. We
emphasize that the substitutions Eq. (13) will be
justified by actually determining G.

Both sides of Eq. (14) and also each multiple sum
are now independent of N so that a formal expansion
of the exponentials is permissible. Taking the
logarithms of the left- and right-hand members of
Eq. (14), one obtains

Ho= W —3W' + W' —~ .-, (153)

1 1
W= ;xm[1—ﬂm+§ﬂi— ]+5 2 omn

x[l — (Ha+ H) + & (H, + HY — J
4+ e (15b)

As the equation stands, H, can be generated by an

8 We are indebted to Dr. Iwamoto for this remark.
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A=2xx (a)

Fra. 1. Meaning of some
simple diagrams.

n/\o = mzn XmgXgn (M)
G—o = th Xat Ximn 1€}

obvious iteration procedure. Indeed, we get for the
first few terms

Hu = qum

+ Z (% Zamn — %xquqn - xqumn> + Ty (16)

which, in turn, produces

1 1
G =5§xmn+ Z(g_!xlmn—

Imn

1
Exlmxmﬂ) + cre
(17)
as observed from the relation
H, =G -G, (18)

This observation is best demonstrated if one starts
from the expression of @ given by Eq. (17) and uses
Eq. (18) to compute H,; then

1 1
=%men+ Z(ﬁxzm-éxzmxm)-k

mn Imn

1
Z (3_i xlirm

Imnq

H,

1
- azzm»'i_

* mn¥q

=

xlmxmn> + te ] = % Z (xqm + xma)
4+ 3[4 o e+ 200

- é (xam mn + xquqn + xmnan)] + MR (16’)

which is identically Eq. (16) on taking account of
the symmetry of the z’s in the indices. Clearly the
ratio between the coefficients of Z,,.,, Zma Ton and
Z,,.,. Tem Tma in Eq. (16) must be 1 : 2 in order to
generate the term D Tim Tma in G. The necessity
of such correlation between the coefficients in the
expansion of H, persists to all orders. The explicit
statement of such correlation will be made after
we introduce the diagrammatical representation
below. Also one easily checks, with the help of Egs.
(7) and (9), that the first three terms of Eq. (17)
are of the order O(X). This linear dependence on N

F. Y WU

also persists to all terms of G. This fact follows from
the structure of Eq. (15b) which tells us that the
inclusion of each m index z ~ O(N'™™) brings in
exactly m — 1 free summations, and hence a factor
N'™.N""' ~ 0Q).

A diagrammatical representation which will facili-
tate our discussion is now introduced. In the follow-
ing, the z’s are called elements. An m-index element
is imagined as a rigid frame with m holes (or vertices)
attached to it: open holes represent the dummy
indices of a summation, and a black or solid hole
(indexed by ¢) is not summed over. No meaning is
attached to the order of holes in an element (sym-
metry of an element in all indices). A collection of
elements (i.e., & product of z’s) is called a diagram.
The meaning of some simple diagrams are given by
Fig. 1. A diagram is singly connected if all elements
of the diagram are connected without forming any
closed path; i.e., each hole common to two or more
elements is an articulation which, if omitted, would
dissociate the diagram into disconnected parts or
branches. The degeneracy S of a hole with respect
to a diagram is the number of holes equivalent to
it because of the symmetry of the elements in the
indices. In counting the degeneracy, we make no
distinction between the black and white holes. Thus
§ = 2, 1 for the black holes of the diagrams of Figs.
1(a) and 1(b), respectively. Also 8§ = m for the
holes of a single m-vertex element. It is also con-
venient to define the symmetry number® T of a
diagram as the number of ways one can permute a
definite set of distinet numbers attached to the open
holes of the diagram without changing the topology
of the diagram. For example, T = 1, 2, 2 for the
diagrams of Figs. 1(a), 1(b), 1(c¢), respectively. Also
T = m! for a single m-vertex element with no black
hole, and 7 = (m — 1)! for the same element when
one of the holes is black. It is clear that if in a dia-
gram a black hole is replaced by an open hole, the
symmetry number is changed from T to ST where
8§ is the degeneracy of the hole under consideration.

With this diagrammatical notation, it is readily
observed from the structure of Eq. (15) that each
term in the expression of H, can be represented by
a singly connected diagram with one black hole.
In fact one can always find terms in Eq. (16) cor-
responding to an arbitrary diagram. Therefore we
write

all distinet singly connected
H, = Z ha (diagrams with one black hole] '

(19)

with appropriate coefficient 4, for each diagram.
The correlation among the coefficients &, to ensure
the existence of @ is now clear: consider two diagrams
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composed of the same collection of elements which
differ only by the different positions taken by the
black holes [e.g., Figs. 1(a) and 1(b)], the criterion
is simply to require the ratio of their h coefficients
be [see Egs. (16) and (16")]

ha/hy = 8o/ Sy = T4/T., (20)

with S,, T.; S,, T, referring to, respectively, the
corresponding degeneracies of the black holes and
the symmetry numbers. In the last step of Eq. (20)
we have used the relation

ST = the symmetry number of the diagram if
ata™ the black hole is replaced by an open hole

=SbT5. (21)
Once Eq. (20) is established, one has immediately

22)

all distinct singly connected
G=g [diagrams with no black holes] ’

in which the coeflicient ¢ of an arbitrary diagram is
given by the following procedure. First one changes
(any) one of the holes in this diagram into a black
one and looks for the coefficient k., of this new dia-
gram in Eq. (19). If the degeneracy of the black
hole is denoted by S,, then

g = ho/S.. (23)

Therefore our problem is to show the validity of
Eq. (20) and to obtain an explicit expression for k..
To this end we state the following Lemmas to be
proved in the Appendix.

Lemma A. In the expansion of H,, let ky, b, - - -
denote the coefficients of diagrams in which the
black hole is not an articulation, and h, the coeffi-
cient of a diagram in which the black hole is an
articulation having n,, n,, -:- identical branches
with coefficients h,, h,, :-- , respectively. Then

he = (=1 — DT m2/mat, (29

where n = »_, m, is the total number of branches
at the articulation.

Lemma B. The coefficient %, of an arbitrary dia-
gram in Eq. (19) is given by
L 11

Ta (nll holes of
the diagram.

ho = (=D""'(m: — D!, (25)

in which 7', is the symmetry number of this dia-
gram and n; the number of elements connected by
the sth hole (n; = 1if the hole is not an articulation).

An immediate consequence of Lemma B is Eq.
(20). Therefore we have completed the proof that
the expansion of G exists. Finally upon combining

IN AN N-BODY PROBLEM
G=h]+4 Q-+ 3N
1A QM -4 ed
~ Aot % O GO0
43O ok e F
% BrSLote L
(T - Q- §-40<
OO OO0 O
O T4 GO CT

F1q. 2. Diagrammatical equation for G up to terms involving
six indices.

1441

Egs. (23), (25), and (21), the coefficient ¢ belonging
to an arbitrary diagram in Eq. (22) has the ex-
plicit form

1 )
9= <symmetry number of the diagram

II (=0 — 1.
[nll holes of
thediagram

(26)

This concludes the derivation of the expansion
formula for G = In I. We give in Fig. 2 the explicit
expression for G up to terms involving six indices.
As checked easily, this result reduces to the Ursell-
Mayer expansion if the cluster integrals involving
the same number of indices are all identical.

III. CONCLUSION

We have shown that the logarithm of the quantity
I of Eq. (10) can be expanded into a sum of terms
represented by singly connected diagrams in the
form of Eq. (22), with Eq. (26) furnishing an easy
way to determine the expansion coefficients. We
must note that terms down by a factor 1/N are
neglected in the result. Also, the expansion is useful
only when it converges fast enough so that the
leading terms produce a good approximation. This
seems, indeed, to be the cases in application.®”
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Fic. 3. Schematical dia-
gram of an m-hole element
with only one hole attaching
branches.
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nating comments and for calling attention to the
resemblance of this expansion to the fugacity ex-
pansion formula for the classical fluids under the
presence of external field.® The expansion formulas
obtained here, as pointed out by Dr. Morita, can
also be derived on the basis of the technique de-
veloped in references 9 and 10. Helpful discussions
with C. T. Chen-Tsai is also appreciated.

APPENDIX

Proof of Lemma A: The diagram with the black
hole having n branches clearly comes from the term
(=W)"/n of Eq. (15a). The multiplicity for oc-
curence of such a diagram in the expansion of W™
is nl/ ]I n,!, with coefficient [] 4;'. Upon com-
bining these with the factor (—)"/n, Eq. (24) is
derived. Q.E.D.

Proof of Lemma B: Lemma B will be proved by
induction. First, it is obvious from Eq. (15) that
Lemma B holds for a single m-vertex element for
which

he = 1/(m — 1)! = 1/T.. (27)

Therefore it remains only to show that Lemma B
holds for any diagram if it applies to arbitrary dia-
gram composed of fewer elements.

First let us consider diagrams having articulation
black holes. Let the branches of the diagram be
specified by the set {n;, h;} as stated in Lemma A;
then the symmetry number of the diagram is given
by

T, = II T7'n,, (28)
14

where 7, denote the symmetry numbers of the

branches. Now, by assumption, Lemma B applies

to diagrams composed of fewer elements so that the

coefficient h; of each branch is given by

"~ 9T, Morita and K. Hiroike, Progr. Theoret. Phys. (Kyoto)

25, 537 (1961).
10T, Morita, Progr. Theoret. Phys. (Kyoto) 21, 501

(1959).

wU

hl = —1“' H
Tz [allholesof

the branch

(="' = D! (29)
The substitution of Eqgs. (29) and (28) into Eq. (24)
now yields

IT

1
Ta [all holes of )

the diagram.

h, = (=" '(n;, — DL

Q.E.D.

Next consider the diagram in which the black
hole is not an articulation. In the most general case,
the black hole sits on an m-hole element, with p
of the m holes attaching branches. In order to illus-
trate the essential points of the proof, we shall
consider the case of p = 1 only. The proof for the
general case can be constructed in a completely
similar fashion.™

Consider the diagram shown schematically in
Fig. 3 in which the black hole sits on an m-hole
element with one open hole attaching n branches
denoted again by the set {n;, h;, T';}. The symmetry
number of the diagram is now given by

T, = (m — 2V 1] 0,1, (30)
1

with the symmetry numbers 7; of the individual

branches related to h; through Eq. (29). The coeffi-

cient h, of this diagram comes from the term W

of Eq. (15a). More specifically it comes from the

following terms:

("nil)'l2Z quz mlz;(

i=1

(= Hl)

=, e B 6D
Comparison of Eq. (31) with Fig. 3 indicates that
we need to collect terms represented by the set of
branches {n;, h;, T;} in the expansion of H*. The
first term H, contains only one such term. The
second term H: contains more than one contri-
bution. In fact, for each distinct way that the n
branches are divided into two groups, there corre-
sponds a contribution with one factor of H, con-
tributing to one group of branches, and another H,
to the other group. The multiplicity for occurence
of such terms in the expansion of H? is 1 if the two
groups are identical, and 2 otherwise. In general
for the term Hf we consider all the distinct ways
that the n branches are divided into k groups of
which 8, Bs, - -+ , B, are identical. Let the A coeffi-
cients of these groups be denoted by i, Ay, --- , h,,
respectively. Then for each distinct way that the

1 F. Y. Wy, Dissertation, Washington University (1963).
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n branches are divided, there corresponds, in the
expansion of H:, a contribution to the coefficient
h, with multiplicity %£!/8,8.! --- 8,!. It follows
then from Eq. (31)

n _1>k
E k!
k!
X ——
(ﬂlﬂ;'ﬂr) 61!62' tt 61"

in which (8,8, - -+ 8,) denotes the summation taken
under the restriction 8, + 8. + -+ + 8, = k.
Now the coefficients &, hy, -+ h, can be obtained
by Lemma A. However it proves useful at this
point to note that the factor (n — 1)!/]]n.! ap-
pearing in Eq. (24) is just the number of distinct
ways to perform cyeclic permutations on the group
of n branches (among which n,, n,, - - - are identical).
Using this interpretation of Lemma A for the ex-
pressions of hy, ks, - -+ , h,, We get

1
he = i =9

R BT, (32)

o _ product of the number of
RERE .. % = (—1)""* |distinct cyclic paramutations
of the branches in each group

II . 33

Substituting Eq. (33) into Eq. (32), we have

IN AN N-BODY PROBLEM 1443

1

he = G Z o)1

(—vm IT wy, (34)

product of the num-
n 1 ber of distinet cyclic
Z — ——— |permutations of the
= 57y B! B2! - -+ B.! |branches in each
group

the number of distinet ways one can
permute the n branches under the
particular grouping by performing
= Z Z cyclic permutations within each
k=1 (818:-+*8:)| oroup while the groups are un-
numbered

n

the number of distinct ways one

can permute the n branches by first
= |dividing into unnumbered groups and

then performing cyclic permutations

within each group

It is well-known that each permutation of a collec-
tion of objects can be analyzed into groups of cyclic
permutations in an unique way. Therefore also

the number of distinct permutations of']
the n branches (35)

=nl/ ]!

The substitution of Egs. (29) and (35) into Eq. (34)
and the introduction of Eq. (30) now yields Eq. (25).
Q.E.D.
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A complete characterization for a general quantum field theory is given of the strictly localized
states introduced by J. Knight. It is shown that each such state can be generated from the vacuum
by a partially isometric operator. Necessary and sufficient conditions are given for the superposition
of such states to be also strietly localized. Finally, it is shown that there is a connection between the
von Neumann type of the ring generated by the field operator in a finite region and the possibility of

constructing strictly localized states.

1. INTRODUCTION

HE notion of strictly localized states has

recently been introduced by Knight.! Let
o(z) be a complete, local, scalar Hermitian field.
Let Q@ denote the vacuum state. Then a state ¥
is said to be strictly localized in a region G of
Minkowski space if for any n,

1J. M. Knight, J. Math. Phys. 2, 459 (1961).

W, o(z) -+ o(@)¥) = (2 (@) - o)D),

when all the z, - -+ z, are outside G.

Knight has shown, for the case of the free field,
that such states cannot contain a finite number of
particles. He has also shown that states of the form

eMQ,

where A is a smoothed polynomial in the field in a
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